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Fig. 2 Influence of grid resolution on centerline pressure distri-
bution.
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Fig. 3 Comparison of pressure distribution for new boundary
conditions and standard DSMC boundary conditions.

This plot shows that results are virtually identical to those ob-
tained with the boundary conditions proposed here. The agree-
ment for other flow properties was found to be equally good.
In conclusion, we have proposed new DSMC boundary con-
ditions suitable for use in low-speed MEMS applications.
These conditions respect the proper directions of signal prop-
agation for subsonic flows, and allow specification of inlet and
exit pressures. Low-speed microchannel computations using
these new conditions yield much better results than when tra-
ditional DSMC boundary conditions are used. However, the
solutions are essentially the same as those obtained with the
boundary conditions proposed by Piekos and Breuer.
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Re-Examination of Double Diffusive
Natural Convection from Horizontal
Surfaces in Porous Media

C.T. Li* and F. C. Laif
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Norman, Oklahoma 73019-0601

Introduction

OUPLED heat and mass transfer as a result of buoyancy

in saturated porous media is frequently encountered in
engineering applications. From a fundamental perspective,
Nield' made the first attempt to study the stability of convec-
tive flow in horizontal layers with imposed vertical tempera-
ture and concentration gradients. This was followed by Khan
and Zebib” in the study of flow stability in a vertical porous
layer. Bejan and coworkers™ conducted a series of investiga-
tions of these effects on natural convection in enclosures filled
with porous medium. Other geometries considered in the pre-
vious studies include line sources,” vertical surfaces,® horizon-
tal surfaces,”® vertical cylinders,” and slender bodies of revo-
lution.'” Among these previous studies, it is noticed that
similarity solutions for coupled heat and mass transfer by nat-
ural convection from horizontal surfaces have been reported
for a special case of constant wall temperature and concentra-
tion.”® It is speculated that these solutions might not be phys-
ically plausible because they did not satisfy the conditions im-
posed on the velocity, boundary-layer thickness, local heat
flux, and total heat convected as suggested by Gebhart et al."
Thus, the purpose of the present study is to reinvestigate this
fundamental problem to determine the limits within which a
physically realistic similarity solution exists. Emphases have
also been placed on a fundamental examination of these dou-
ble-diffusion effects on the flow, temperature, and concentra-
tion fields. It is expected that the obtained results will not only
complement the current literature but also provide useful in-
formation for engineering applications.
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Analysis
Consider a horizontal surface embedded in a saturated po-
rous medium. Having invoked the boundary-layer assumption
and Boussinesq approximation, the governing equations in
terms of the stream function are

P _Ke (T a
prei (BTax+Bt.ax> (1)
Dy T b oT T o

————— =D— (3)

In accordance with the linear Boussinesq approximation, the
density is given by

p=pll = BAT — T.) — BLc — c.)] “4)

where 7 and . are the coefficients for thermal and concen-
tration expansion, respectively.

The corresponding boundary conditions are as follows.

At the surface (y = 0):

v=0, T=T, )=T.+Ax", A>0

(5)
¢ =cx)=c. + Bx" B >0

where the wall temperature and concentration are assumed to
have a power-law variation.
At the infinity (y — ):

u=0, T=T., C=Cs (6)
To solve the set of simultaneous equations defined in the

preceding text, the following dimensionless variables are in-
troduced:

M = Ra"(ylx) (7a)
¢ = aRa"f(n) (7b)
P 7

T _ 1. (7¢)
c=t"¢% (7d)
Cy — Ca

where Ra = KgBAT,, — T.)x/av is the modified local Rayleigh
number.
After transformation, the resulting equations are

f7={@@® + bNC) + [(a — 2)/3I(®" + NC")}  (8)
0" = af'® — [(a + 1)/31f0’ )
C" = Le{bf'C — [(a + 1)/31fC"} (10)

where parameter N [=B.c,, — ¢.)/BAT, — T.)] measures the

relative importance of mass and thermal diffusion in the buoy-

ancy-driven flow. It is clear that N is zero for pure thermal

buoyancy-driven flow; infinite for mass-driven flow; positive

for aiding flow, i.e., enhancing thermal convection; and neg-

ative for opposing flow, i.e., suppressing thermal convection.
The corresponding boundary conditions are given by

m=0, f=0, 0=1, C=1 (11

mn— ®, f =0, 06— 0, C—>0 (12)

To determine the ranges of a and b that permit physically
realistic solutions, one needs to examine the variation of the
streamwise velocity, boundary-layer thickness, local heat flux,
local mass flux, total energy, and total species convected. To
have physically realistic solutions, it is required that u, 3, Q,
and M must be constant or increase with x, whereas ¢ and m
must be positive or at least zero." These requirements lead to
1/2 = a =2and b = —(a + 1)/3. It is clear that constant
wall temperature (¢ = 0) and constant wall concentration (b =
0) are not in these ranges. Therefore, the solutions presented
in the previous studies are not physically plausible.”®

In the ranges specified a special case that permits similarity
solutions is when the surface is under a constant heat flux (a
= 1/2) and constant mass flux (b = 1/2) condition. For this
case the governing equations are reduced to

f'= 308" —0) + N(nC' — O)] (13)
0" =3(f0—f9) (14)
C" = (Lel2)[f'C — fC'] (15)

It has been shown that similarity solutions exist for the case
of pure thermal buoyancy-driven flow,” i.e., N = 0.

Results and Discussion

The transformed governing equations, along with the cor-
responding boundary conditions, are solved by the numerical
integration using a fourth-order Runge-Kutta method and the
shooting technique with a systematic guessing of f'(0), 6'(0),
and C'(0). As an indication of proper formulation and accurate
calculation, the results thus obtained have been compared with
the data published earlier for the case of pure heat transfer-
driven flows,"” and they show excellent agreement. Calcula-
tions have been carried out for a wide range of the governing
parameters, i.e., —1 < N = 10 and 0.1 = Le = 100, to verify
the results obtained by scale analysis.”

It is important to note that for N < 0, solutions are not
available for N/Le ~ 1. In this range the streamwise velocity
becomes negative and the direction of buoyancy-induced flow
is reversed, which contradicts the boundary-layer assumption
and no solution is meaningful. For Le > 1, the contribution to
the horizontal velocity by the mass buoyancy effect is less
important and the flow reversal will occur at a smaller value
of N. For Le < 1, the situation is reversed and the flow reversal
will take place at a larger value of N.

The results of practical interest in many applications are the
heat and mass transfer coefficients. The heat transfer coeffi-
cient in terms of the Nusselt number is given by

Nu =1 LW b gy (16)

whereas the mass transfer coefficient in terms of the Sherwood
number is given by

mx
Sh = ———= —Ra'”C’ 1
B = k'O (17)

The average heat and mass transfer coefficients can be readily
derived from the preceding equations and they are given by

L

1 ) 2 1731
Nu, = — Nu dx = —= Ra,;0'(0) (18)
L), 3

L
1 2
Shy = —J' Sh dx = —= Ra}*C’(0) (19)
L, 3
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Fig. 1 Variation of streamwise velocity and heat and mass trans-
fer coefficients with Lewis numbers.

The streamwise velocity and heat and mass transfer coeffi-
cients are plotted in Figs. 1 and 2 as a function of the Lewis
number and buoyancy ratio, respectively. Following the scale
analysis proposed by Bejan and Khair’ and Jang and Chang,’
the scale for these three variables can be obtained. For heat
transfer-driven flows, i.e., |N| << 1, it is observed that the
velocity and heat transfer coefficient approach an asymptotic
value and become independent of Le when Le — 100 (Fig. 1).
For mass transfer coefficients it can be clearly observed that
their dependence on the Lewis number has changed from Le
(at small Lewis numbers) to Le"? (at large Lewis numbers).
For concentration driven flows, i.e., |[N| >> 1, it is clearly
shown that the velocity varies with Le " and the mass transfer
coefficient varies with Le'” for a given buoyancy ratio, e.g., N
= 10. The heat transfer coefficient, on the other hand, initially
varies with Le ™ at small Lewis numbers and changes to Le™”
* at large Lewis numbers before it approaches an asymptotic
value.

The functional dependence of flow velocity and heat and
mass transfer coefficients on the governing parameters Le and
N discussed earlier can also be cross examined from Fig. 2. It
is clear that the streamwise velocity is independent of Le and
N for thermal buoyancy-driven flows (|N| << 1), whereas it
varies with |N|?*” for mass transfer-driven flows. For the heat
and mass transfer coefficients the present results also agree
well with the scale analysis, i.e., they are independent of the
buoyancy ratio for heat transfer-driven flows and vary with
[N|'" for mass transfer-driven flows.
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Fig. 2 Variation of streamwise velocity and heat and mass trans-
fer coefficients with buoyancy ratios.

Conclusions

For coupled heat and mass transfer by natural convection
from a horizontal surface in porous media, similarity solutions
have been presented for a special case in which the surface
heat flux and mass flux are maintained constant. The results
thus obtained agree very well with the scale analysis. In ad-
dition, the present analysis shows that similarity solutions for
a surface maintained at a constant temperature and concentra-
tion, as reported in the previous studies,”® are not physically
plausible. The present results are useful in many applications.
For example these results are useful in the geophysical and
geothermal applications where surface mass transfer on the bed
(hot) rock is generated as a result of chemical reactions, and
in the underground disposal of nuclear waste where the spread-
ing of radioactive materials may result from the breakage of
waste containers. Given the species properties, the present
analysis can provide useful information in the estimate of life
span of a viable geothermal reservoir or the traveling time
required for radionuclides to reach the biosphere.
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Heat (Mass) Transfer in a Rotating
Channel with Ribs of Various Sizes
on Two Walls

C. W. Park,* S. C. Lau,t and R. T. Kukrejai
Texas A&M University, College Station, Texas 77843

Introduction

APHTHALENE sublimation experiments have been con-

ducted to study the effect of rib size on the heat (mass)
transfer for radial outward flow in a rotating square channel
with transverse ribs on the leading and trailing walls. The test
channel modeled internal turbine blade cooling passages. Re-
sults were obtained for a Reynolds number Re of 5.5 X 10’
and a rotation number Ro of 0.24, both of which were based
on the hydraulic diameter of the test channel D.

Because the variation of the density of the naphthalene va-
por-air mixture that passed through the test channel during an
experiment was negligible, only the effects of the Coriolis
force and the rib size, but not the buoyancy force, were ex-
amined. The results of this investigation may be used to im-
prove numerical models for the design of cooling channels in
turbine blades. The results should also help researchers and
engineers better understand the effect of rib size on the heat
(mass) transfer on the leading and trailing walls of a rotating
channel.
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Test Apparatus and Procedure

The test apparatus, the instrumentation, and the test proce-
dure for this study are the same as those used in Park et al.'
Only a brief description is given in this Note.

The test section was an aluminum two-pass channel with a
square cross section of 1.59 by 1.59 cm. The two straight seg-
ments were 0.11 m long. Naphthalene in shallow cavities cov-
ered the inner surfaces of the individual walls of the test sec-
tion, so that the exposed surfaces of the test section walls were
all mass transfer active during an experiment. In this investi-
gation, attention was focused on the first straight pass only.

Ribs were cut from square balsa wood strips. The ribs were
attached with epoxy transversely on two opposite walls of the
first straight pass of the test channel. The exposed surfaces of
the ribs were coated with naphthalene. The height of the ribs
e ranged from 1/32 to 1/10 of the test channel hydraulic di-
ameter. The rib arrays on the two walls were aligned. The rib
spacing, or the pitch p, was equal to the test channel hydraulic
diameter.

An entrance channel and an exit channel had the same
square cross section as the test section and had lengths of 10
and 20 hydraulic diameters, respectively. The test section along
with the entrance and exit channels rotated in a horizontal
plane, with respect to a vertical axis, in a steel protective cage.
The mean rotating radius of the test section was 30 times the
test channel hydraulic diameter.

During a test run local elevation changes were measured at
a grid of points on the naphthalene-coated surface of each of
the two rib-roughened walls (537 points on each wall; 54
points between two ribs: 9 points along 6 lines that were par-
allel to the rib axes).

The local mass transfer coefficient is evaluated at each mea-
surement point from the change of elevation at the point, the
duration of the test run, and the difference between the naph-
thalene vapor density at the wall and the local bulk density of
naphthalene in the airstream. The Sherwood number Sk is a
dimensionless mass transfer coefficient based on the test chan-
nel hydraulic diameter and the diffusion coefficient for naph-
thalene vapor in air.> The Sherwood number is normalized
by the corresponding Sherwood number for fully developed
turbulent flow through a stationary smooth tube, Sho, =
0.023Re*®Sc®*. By applying the analogy between heat and
mass transfer

Nu/Nu, = ShiSh, (1)

where Nu is the Nusselt number and Nu, = 0.023Re®Pr°*.
Therefore, the normalized Sherwood number in this study may
be considered as the ratio of the heat transfer coefficient for
turbulent flow in a rotating square channel to that for the cor-
responding fully developed turbulent flow in a stationary tube
with a hydraulic diameter equal to that of the square channel.

The maximum uncertainty of the Sherwood number is es-
timated to be 12.2%. The uncertainty of the Reynolds number
is found to be 4.8%. The details of the data reduction proce-
dure and the estimation of the experimental uncertainties are
available in Park.’

In this Note attention is focused on the streamwise variations
of the spanwise average Sherwood number ratio (Sh/Sh,) and
the overall average Sherwood number ratios (Sh/Shy) on the
leading and trailing walls over a typical pitch between two
ribs. The detailed local mass transfer results and other average
mass transfer results that are not included here are available
in Park.’

Presentation and Discussion of Results
To examine the effect of varying the size of the trailing-wall
ribs on the mass transfer on the leading and trailing walls,
results have been obtained with leading-wall ribs of a fixed
size (with either D/e = p/e = 10 or 16) and trailing-wall ribs



